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We show how an unknown mixed quantum state’s entanglement can be quantified by suitable,
local parity measurements on its two-fold copy.
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Quantum entanglement is the key ingredient for an up-
coming, modern information technology. Non-classical
correlations characteristic of entangled quantum states
offer to accomplish important communication tasks that
are very difficult to master with classical means, e.g., to
establish a secure key between distant parties, which al-
lows information exchange secure against eavesdropper
attacks. Quantum algorithms which rely on the coher-
ences between multipartite quantum register states out-
perform classical algorithms, and entangled many parti-
cle states pave the way to efficient analog quantum sim-
ulations of complex quantum systems. Many of these
applications are no science fiction, to be implemented
in a distant future, but likely to become available with
rapidly developing technology [1, 2] – entanglement in-
scribed in the various degrees of freedom of photons, ions
or atoms is by now routinely produced in labs worldwide,
and other ‘quantum media’ will emerge.
Yet, while the role of entanglement as the decisive re-
source is common place, it remains a largely open and
highly nontrivial problem to assess the degree of entan-
glement of a given quantum state in real time, in the
course of a real experiment. In principle, such assess-
ment is possible through quantum state tomography, i.e.,
by the reconstruction of the state’s density matrix via
the measurement of a complete set of observables, and
subsequent evaluation of a valid entanglement measure.
In practice, however, as we increase the system size by
increasing the number of subsystems and/or the subsys-
tems’ dimensions, state tomography rapidly saturates the
experimentally available resources, due to the exponen-
tial increase of the number of observables to be measured.
Thus, given the requirement of favourable scaling of the
necessary resources with the dimension of the state to be
analyzed, tomography is not a viable strategy for large
scale quantum information processing.
Alternative means to probe entanglement are Bell in-
equalities [3, 4, 5] or entanglement witnesses [6, 7],
which require only partial information on the state under
scrutiny. Consequently, they can be evaluated with less
overhead in laboratory experiments [8, 9]. However, a
suitable inequality or a proper witness needs to be tai-
lored for a given state, i.e., in practical terms, some a
priori information is needed. Furthermore, neither Bell
inequalities nor witnesses allow a quantitative character-
ization – they can detect entanglement, but do not mea-
sure it. Here, we describe how the entanglement of finite
dimensional mixed quantum states can be measured di-
rectly, in laboratory experiments.
Let us start out with a short reminder on pure state
entanglement and an efficient measurement thereof. In-
deed, it has been shown earlier that the concurrence c(Ψ)
of a finite dimensional bipartite pure state |Ψ〉 can be ex-
pressed through the expectation value of the self-adjoint
operator A = 4P− ⊗ P−, i.e. an observable with respect
to a two-fold copy |Ψ〉 ⊗ |Ψ〉 of |Ψ〉 [10]:
c(Ψ) =
√
〈Ψ| ⊗ 〈Ψ| A |Ψ〉 ⊗ |Ψ〉 . (1)
Here, P− is the projector on the antisymmetric subspace
of the two copies of either subsystem. By construc-
tion, the observable A is invariant under local unitary
transformations on either subsystem, as required for a
valid entanglement measure. c(Ψ) is directly accessible
for laboratory experiments, through a projective mea-
surement of the antisymmetric component of |Ψ〉 ⊗ |Ψ〉
in either subsystem. This was recently experimentally
demonstrated for twin photons [11], but equally holds
for higher-dimensional bipartite systems, and for multi-
partite generalizations of concurrence [10].
However, most experiments do not allow to prepare
ideal pure states. Due to unavoidable environment cou-
pling one rather ends up with mixed states ̺, for which
concurrence can not be defined as an expectation value
as in (1), but instead is given by the minimal average
concurrence c(̺) = inf
∑
i c(φi) of all ensembles {|φi〉}
that describe the density matrix ̺ [12]. In general, the
exact evaluation of concurrence is a hard mathematical
task, even for a general known state, and there is no re-
alistic prospect to reformulate the definition of c(̺) in
terms of a simple measurement prescription. Though,
there is an accurate approximation to concurrence, which
generalizes (1) for arbitrary, unknown mixed states, and,
once again, is directly accessible by an experimental mea-
surement on two copies ̺ ⊗ ̺ of the state of interest.
The underlying idea is that a positive expectation value
of A can have two causes: entanglement or mixedness
of ρ. Therefore, we aim at the maximum contribution
due to mixedness, what reads in terms of observables
1−Tr̺2 = 2 Tr (̺⊗ ̺ (P− ⊗ P+ + P+ ⊗ P−)), where P+
is the symmetric counterpart of P−. Whatever exceeds
this contribution, necessarily needs to be attributed to
the entanglement of ̺. And indeed, as formally proven
below, the concurrence of an arbitrary mixed state is
2bounded by
(c(̺))2 ≥ Tr(̺⊗ ̺ V ) , (2)
with V = A − 4(µ P− ⊗ P+ + (1 − µ) P+ ⊗ P−), (1 ≥
µ ≥ 0). Operationally, this means that a lower bound of
concurrence can be measured in terms of the probabilities
of finding the two-fold copies of each state’s individual
subsystems with positive or negative parity.
Furthermore, since c(̺) is strictly positive for entan-
gled states, and vanishes exactly for separable states,
Tr(̺ ⊗ ̺V ) must be non-positive for any separable den-
sity operator. Conversely, positive values of Tr(̺ ⊗ ̺V )
unambiguously identify ̺ as entangled. Consequently, V
can also be conceived as a generalized entanglement wit-
ness – which, in contrast to usual witnesses [6], respects
the invariance of entanglement under local unitaries.
In order to assess the tightness of our new bound (2)
for λ = 1/2, we evaluate it for increasingly mixed random
states of 2×5 and 3×3 dimensional systems. The random
states were obtained by a randomized unitary evolution
of a pure state of a tripartite system composed of the
bipartite subspace of the desired random states and an
environment component, and subsequent trace over the
environment, at different times [13]. The estimate (2) is
then compared with the states’ concurrence in quasi pure
approximation (qpa) [13] in Fig. 1, for samples of 600000
random states. Qpa is known to provide very good ap-
proximations of a mixed state’s concurrence if the mixing
is not too large (hence the label ‘quasipure’). Our new
bound is seen to be only slightly weaker than qpa, as
clearly demonstrated by the present comparison. Indeed,
the comparison is in most cases excellent, in particular
for weakly mixed states. Only for a relatively small por-
tion of relatively strongly mixed (and weakly entangled)
states does (2) take negative values (while qpa remains
positive), and thus provide an inconclusive result.
Thus, Eq. (2) provides a reliable and directly measur-
able bound for an unknown state’s concurrence. How do
the necessary experimental resources scale with the sys-
tem’s size (determined by the number and individual di-
mension of the factor spaces)? According to the explicit
form of V , we have to determine the state’s weight on the
symmetric and antisymmetric subspaces of the two copies
of each of its components. Consequently, for an n-partite




+ , i = 1 . . . n, n measurements
need to be performed (here we assume that such parity
measurement can be performed by measuring one single
observable, independently of the subsystems’ dimension).
This is in favourable contrast to a tomographic measure-
ment, where d2n − 1 observables need to be measured
[14], with d the dimension of the subsystems.
To end with, let us prove inequality (2): we can restrict
that to the case of µ = 0; the other extreme case (µ = 1)
is analogous, and if the bound holds for both extreme
cases, it also holds for convex combinations thereof. We
show that the estimate applies for the average concur-
rence of any pure state decomposition ̺ =
∑
i |φi〉〈φi|:
Tr(̺⊗ ̺V ) =
∑
ij










and thus, in particular, for the decomposition that
achieves the minimum average concurrence. It is suf-
ficient to demonstrate the inequality’s validity for each
single term in the above sum. For convenience, we re-
baptize |φi〉 as |ψ〉, and |φj〉 as |φ〉. Given |φ〉’s Schmidt
decomposition |φ〉 =∑i √λi|i〉 ⊗ |i〉 and |ψ〉’s expansion
in the same one-particle bases, |ψ〉 =∑ij ψij |i〉⊗ |j〉, (3)











|ψipψjq − ψiqψjp|2 , (4)
for V = P
(1)
− ⊗(P (2)− −P (2)+ ). With the help of the Cauchy-
Schwarz inequality, the right hand side (RHS) of this




















λiλj |ψiiψjj − ψijψji| .






































2 ≥ 0, |ψij |2 + |ψji|2 ≥
2 |ψijψji|, ψ∗iiψjj + ψ∗jjψii = 2ℜ(ψ∗iiψjj) ≤ 2 |ψiiψjj |,
and the triangle inequality |ψiiψjj | − |ψijψji| ≤
|ψiiψjj − ψijψji| were used. Thus, LHS ≤ RHS, what
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FIG. 1: Squared mixed-state concurrence (c(̺))2, approximated by its measurable lower bound Tr (̺⊗ ̺ V ) as given by (2), vs.
its lower bound in quasi pure approximation, for random states of a 2× 5 dimensional (a, b, and c), and of a 3× 3 dimensional
system (d, e, f). The different panels represent states with different degrees of mixing: a and d display the case of weakly
mixed states (0.2 ≤
√
1−Tr̺2 ≤ 0.21), b and e correspond to the regime of intermediate mixing (0.4 ≤
√
1− Tr̺2 ≤ 0.405),
and c and f show strongly mixed states (0.529 ≤
√
1− Tr̺2 ≤ 0.533). The dashed lines indicate equality of both bounds. In
particular, for highly entangled states and for states with little mixing the bound is very good; but it also yields a surprisingly
good characterization of rather strongly mixed states.
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